Abstract. We deal with Bedford-Taylor type capacities on almost complex surfaces.
Introduction
Let (M, J) be an an almost complex surface (almost complex manifold of the real dimension 4). For u, v ∈ W 1,2 loc (Ω), where Ω ⊂ M is a domain, we can define a wedge product i∂∂u ∧ i∂∂v := −i∂∂(i∂u ∧∂v) + ∂(∂u ∧θ∂v) +∂(θ∂u ∧∂v) + θθ∂u ∧∂v − θ∂u ∧θ∂v = −i∂∂(i∂u ∧∂v) + ∂(∂u ∧θ∂v) +∂(θ∂u ∧∂v) −θ∂u ∧ θ∂v − θ∂u ∧θ∂v, as a (2, 2) current.
If u, v are C 2 functions then it is the standard wedge product of continuous forms. If u, v ∈ W 1,2 loc (Ω) are plurisubharmonic then this is a regular Borel measure, see [P2, P3] 
and (i∂∂u)
2 is called the MongeAmpère operator.
The goal of this article is to study plurisubharmonic functions, the Monge-Ampère operator and the relative capacity on almost complex surfaces.
All results proved in the paper, in the case of C n , are proved in the classical papers [B-T1, B-T2]. The main difference between C n and almost complex manifold (with the not necessary integrable almost complex structure) is the fact that for plurisubharmonic function u, the positive current i∂∂u is not necessary closed. Thus the pluripotential theory on almost complex manifold is in some sense similar to pluripotential theory on hermitian manifold where the current i∂∂u + ω is not closed too. However, the theory in the non-integrable case is much more difficult. This is, among others, because in case of hermitian manifolds non-closed part of i∂∂u + ω is just the hermitian form ω which is smooth and does not depend on u but in our situation non-closed part of i∂∂u is only in L 2 (at least for bounded u) and strongly depends on u.
Preliminaries
2.1. Almost complex manifolds and plurisubharmonic functions. We say that (M, J) is an almost complex manifold if M is a manifold and J is an C ∞ smooth endomorphism of the tangent bundle T M, such that J 2 = −id. The real dimension of M is even in that case. We will denote by n the complex dimension of M:
All definitions below are exactly the same as in the case of complex manifolds.
As on complex manifolds we can define here (p, q)-forms and more generally (p, q)-currents. We have the decomposition of the exterior differential: Let Ω ⊂ M be a domain and D = {z ∈ C : |z| < 1}. In C we have the standard almost complex structure J st . We say that a function
2) u is upper-semicontinuous and (3) u • λ is subharmonic for any J-holomorphic function λ : D → Ω. If u is plurisubharmonic then it is locally integrable and i∂∂u ≥ 0, see [P] . The converse was proved by R. Harvey and B. Lawson in [H-L] . Namely they proved that, if u ∈ L 1 loc and i∂∂u ≥ 0 then a functionũ, given byũ (z) = ess lim sup
is a plurisubharmonic function which is equal a. e. to the function u.
We say that a function u on Ω is strictly plurisubharmonic iff for any ϕ ∈ C ∞ 0 (Ω) there is ε 0 > 0 such that the function u + εϕ is plurisubharmonic for ε 0 > ε > 0.
We say that a domain Ω ⋐ M is strictly pseudoconvex (of class C ∞ ), if there is a strictly plurisubharmonic function ρ of class C ∞ in a neighborhood ofΩ, such that Ω = {ρ < 0} and ▽ρ = 0 on ∂Ω. We say that M is almost Stain if there is exhausting smooth strictly plurisubharmonic function on M.
2.2. Dirichlet problem for the Monge-Ampère equation. Let Ω ⊂ M be strictly pseudoconvex domain. The followinng Theorem will be useful for us.
Theorem 1. There is a unique solution u of the Dirichlet problem:
where ϕ ∈ C ∞ (Ω) and dV is the volume form on a neighbourhood ofΩ.
The proof of this theorem in [P1] has a gap (in the part about the second order estimate). The mistake is corrected in recent work of J. Chu, V. Tosatti and B. Weinkove [C-T-W].
Estimates
From here, we will assume that M is an almost complex surface. The following proposition was proved in [P3] .
Note here that i) imply that bounded plurisubharmonic functions are in W 1,2 . From the proof of the above in [P1] we also get
, where the constant C depends only on D and Ω.
Note that Błocki in [B2] proved above estimate for subharmonic functions in R n . As a Direct consequence we get the following Corollary 4. If K ⋐ Ω and u bounded plurisubharmonic function then
and thus the statement follows.
and if in addition u, v are bounded then
Proof: Take a nonnegative test function ϕ which is equal 1 on K. By definition of the current i∂∂u ∧ i∂∂v and the integration by parts we can estimate:
where C depends on ϕ and J. The second part follows from the first one and Corollary 4.
Convergence Theorem for increasing sequences
As in integrable case we define the relative capacity of the Borel subset E of Ω as
We shall also consider the following set function asociated to the hermitian metric ω:
When E ⋐ Ω then by the Chern-Levine-Nirenberg inequalities we have cap(E, Ω) < +∞ and thus if there is a bounded function h ∈ PSH(Ω) which satisfies ω ≤ i∂∂h we also have cap ω (E, Ω) < +∞. We say that a sequence u k of plurisubharmonic functions defined on Ω converge with respect to capacity to a function u if for any compact set K ⊂ Ω and t > 0 lim
In the same way we define convergence with respect to cap ω . Proof. We can asume that all u k are equal outside compact set E ⊂ Ω. We fix v ∈ PSH(Ω), −1 ≤ v ≤ 0. Using integration by parts we can estimate K) . By Propositions 2 and 3 we get that I k → 0 as k → ∞ and (as in [K] )) the Proposition follows. Using previous result and regularization result from [P2] (see also [H-L-P]) we can prove it exactly like in the case of domains in C n (see for example proof of theorem 1.13 in [K] ).
Again exactly as in C n , from above Proposition we get Corollary 8. Let U be a uniformly bounded family of plurisubharmonic functions in Ω. Suppose that u, v ∈ U and (v k ) ⊂ U and
Proposition 9. Let U be a uniformly bounded family of plurisubharmonic functions in Ω. Suppose that (u k ), (v k ) ⊂ U are increase to u and v respectively. Then
Proof. First we will prove that
Let ϕ ∈ D (2,1) . Using Stokes theorem we can calculate
Since L 2 norms of∂v k ϕ and∂(uϕ) depends only on ϕ and U, using Helder inequality, we can choose constant C not depending on k such that
Thus (1) follows.
The second step is to obtain the following convergence
Let ϕ ∈ D (1,1) be positive. By Corollary 8 we get
Set s ∈ N. Using Stokes' theorem we can estimate
From (1) and again Corollary 8 the last line with s → ∞ converge to
This together with (3) gives us (2).
In the last step we will finish the proof. By (1) and (2) we can conclude 
Proof. We can assume that there is compactly supported nonnegative function ϕ which is equal 1 on E. Let U ∈ PSH is such that U ≡ −∞ and [H-L] ) the sequence U/k increase to 0 a. e.. on the open set Ω ′ = {U < 0}. Thus the sequence v k = max{U/k, v} increase to 0 a. e. too. From convergence Theorem (i∂∂v k ) 2 → 0. On the other hand, on the open set Ω k = {U < k} we have v k = v. Thus
and we can conclude that E (i∂∂v) 2 = 0. Because it is for all v from the definition of the capacity we get that cap(E) = 0.
There is a constant c 0 (which depend on Ω) such that θ∂ϕ ∧θ∂ϕ ≤ c 0 i∂ϕ ∧∂ϕ ∧ ω for any smooth function ϕ defined on Ω. To prove the next result about pluripolarity we need the following Lemma:
Proof. Set ε > 0. Since every connected component of D is almost Stain manifold there exists a sequence u k of smooth plurisubharmonic functions on D, which decreases to u + ε. Assume that there is k 1 ∈ N such that the set {u k 1 < ρ} is not empty. By convergence theorem for decreasing sequences there is k 2 ∈ N such that for k ≥ k 2 we have
For enough small δ > 0 we still have
Let choose δ such that the set ∂E δ has Lebesgue measure equal 0. Let ϕ = v − δ and ψ = max{ϕ, h+ṽ 3 } Using (4), the assumption about i∂∂h and inequality i∂∂ṽ ≥ 2i∂v ∧∂v we can estimate
But this inequality contradicts with Stokes theorem which gives us that F is empty for any choose of k ∈ N and ε > 0. We thus get u ≥ h.
Proof. To prove the Lemma by contradiction let us assume that u = 0.
and u k+1 = 2u k + 1 for k ≥ 1. We can choose the defining function h 1 for Ω such that i∂∂h 1 ≥ 9c 0 ω.
and D k = {z ∈ Ω : h k < 0}. By Lemma 13 and induction we easily get that h k ≤ u k . On the other hand inf u k = −1 and inf h k → ∞. Contradiction! For an open set V ⊂ M and a subset E ⊂ V we put
Proof. By the Choquet lemma there is an increasing sequence of plurisubharmonic functions u j ≥ −1 with (lim u j ) ⋆ = u ⋆ E . Using characterization of plurisubharmonic functions from [H-L] (see Preliminaries) we get that (lim u j )
⋆ is plurisubharmonic and the Lebesgue measure of the set {lim u j = (lim u j ) ⋆ } is equal 0. Let p ∈ V \E. There is a domain D ⊂ V \E which is a smooth strictly pseudoconvex neighborhood of p. For j ∈ N let ϕ (j) k be a sequence of smooth functions which decrease to u j on ∂D. By Theorem 1, we can solve Dirichlet problem:
Then w j is a sequence of plurisubharmonic functions increasing a. e. to u E . Moreover by convergent theorem for decreasing sequences (i∂∂w j ) 2 = 0 on D and thus by convergent theorem for increasing sequences (i∂∂u
But we can choose D as a neighborhood of any point in V \ E which gives us that supp (i∂∂u
Proposition 16. Let Ω be a strictly pseudoconvex domain. Assume that E is F σ subsets of Ω and cap(E, Ω) = 0. Then E is pluripolar. Moreover there is a plurisubharmonic function u on Ω such that u| E = −∞.
Proof. Let E i be increasing sequence of compact subsets such that
. By Lemma 15 we get that (i∂∂w i ) 2 = 0. Because Ω is strictly pseudoconvex lim z→∂Ω w i (z) = 0 and by Lemma 14 w i = 0.
Similar as in Lemma 15, by the Choquet lemma, for any i, there is an increasing sequence of plurisubharmonic functions v Proof. Let p ∈ u(D). We can choose a strictly pseudoconvex neighbourhood U of p. Let E = u(D)∩U. The function u have at most countable many singular points (see for example lemma 2.7 in [M] ). Thus using Rosay theorem we get that E is a sum of countable many compact pluripolar sets. This implies that cap(E, U) = 0 and by Proposition 16 E is pluripolar. Thus Corollary follows.
Proposition 18. Let M be an almost stein manifold and let E ⊂ M be pluripolar F σ set. Then there is a plurisubharmonic function u on Ω such that u| E = −∞.
Proof. Let ρ be an exhaustion smooth strictly plurisubharmonic function on M. By the Sard's theorem there is a sequence (a k ) ⊂ R for which a k+1 ≥ a k + 1 and all connected components of Ω k = {z ∈ M : ρ(z) < a k } are strictly pseudoconvex. Like in the proof of Proposition 16 we can choose a function u k ∈ PSH(Ω k ) such that −1 ≤ u k ≤ 0, u k | E∩Ω k =−1 and u k L 1 (Ω k ) < 1 2 k . Put
and u = v k . Since v k = u k+2 on Ω k it is clear that u has required properties.
